Abstract. We construct examples of special generalized Calabi-Yau manifolds on compact quotients of solvable Lie groups. We prove that the CalabiYau structures are not rigid in the class of special generalized Calabi-Yau structures. Moreover, we provide an example of a compact 6-dimensional special generalized Calabi-Yau manifold whose real part of the complex volume form is d-exact. Finally we discuss the 4-dimensional case.
Introduction
Generalized Calabi-Yau manifolds are a natural extension of the holomorphic Calabi-Yau manifolds to the non-integrable case. Namely, a generalized Calabi-Yau manifold is a quadruple (M, κ, J, ǫ), where (M, κ) is a 2n-dimensional (compact) symplectic manifold, for n > 3, J is a κ-calibrated almost complex structure and ǫ is a complex volume form, covariantely constant with respect to the Chern connection. Note that the previous definition is not the same as the one given by Hitchin in [12] . In the special case of dimension six, we can improve the definition, by requiring that the real part of ǫ is d-closed (i.e. ℜe ǫ is a calibration see [10] ). In such a case, (M, κ, J, ǫ) is said to be a special generalized Calabi-Yau manifold. Therefore, in this context, we can define special Lagrangian submanifolds as compact threedimensional Lagrangian submanifolds of M , calibrated by ℜe ǫ (see [10] ). If the almost complex structure J is integrable, then the Chern connection is the Levi Civita connection, so that M is actually a holomorphic Calabi-Yau manifold.
Recall that an SU(3)-structure (J, ω, Ψ) on a six-dimensional manifold M is said to be half-flat if dℜe Ψ = 0 , d(ω ∧ ω) = 0 (see e.g. [2] ). Therefore, a special generalized Calabi-Yau structure on a six-dimensional manifold M is in particular a half-flat structure (see e.g. [3] ). In [11] Hitchin proves that, starting with a half-flat manifold (M, ω, Ψ), if certain evolution equations have a solution coinciding with the initial datum (ω, Ψ) at time t = 0, then there exists a metric with holonomy contained in G 2 on M × I for some interval I (see e.g. [2] , [1] ). In this paper we give some explicit examples of compact special special generalized Calabi-Yau manifolds arising as quotient of solvable Lie groups and we construct a family of special generalized Calabi-Yau structures (κ t , J t , ǫ t ) on the six-dimensional torus T 6 , coinciding with the standard Calabi-Yau structure for t = 0, but which is not Calabi-Yau for t = 0 (see example 3.2 and theorem 3.3). For other examples we remand to [7] . Then we give a Special generalized Calabi-Yau structure on a compact 6-manifold whose complex volume form has real part d-exact (see theorem 3.5) . This is in contrast with the integrable case, namely in the context of Calabi-Yau geometry, where the real part of the complex volume form cannot be exact. Finally, we extend the definition of generalized Calabi-Yau structure to 4-dimensional manifolds. As in the 6-dimensional case, we characterize such structures in terms of stable forms (see proposition 4.2).
In section 2, we start by recalling some facts on (special) generalized Calabi-Yau manifolds. In section 3 we describe the compact examples previous mentioned.
In the last section we consider the four-dimensional case.
Special generalized Calabi-Yau manifolds
Let (M, κ) be a symplectic manifold. An almost complex structure J on M is said to be κ-calibrated if
is an almost-Hermitian metric on M . Denote by ∇ LC the Levi Civita connection of g J . Then the Chern connection on (M, κ, J) is defined by
It is known that
is the Nijenhuis tensor of J. Let (M, J) be an almost complex manifold; then the exterior derivative
Note that by the Newlander-Nirenberg theorem J is holomorphic if and only if A J = 0. Now we are ready to give the following
where M is a (compact) 2n-dimensional manifold, κ is a symplectic structure on M , J is a κ-calibrated almost complex structure and ǫ is a (n, 0)-form on M such that
We can specialize our definition in the six-dimensional case. We give the following Definition 2.2. A special generalized Calabi-Yau manifold is the datum of (M, κ, J, ǫ), where (M, κ) is a (compact) symplectic six-dimensional manifold, J is a κ-calibrated almost complex structure on M and ǫ is a nowhere vanishing (3,0)-form such that
Now we change a little bit our point of view. Let (V, κ) be a symplectic vector space of dimension 2n. The symplectic Hodge operator
is defined by
On R 6 let us consider the standard symplectic structure
where {x 1 , . . . , x 6 } are the standard coordinates on R 6 , and let
for any A ∈ Sp(3, R), t ∈ R * + , where Sp(3, R) denotes the symplectic group on (R 6 , κ 3 ). Moreover, the 3-form
defined by
for any α ∈ Λ 1 (R 6 * ). We have
(see e.g. [6] ).
Given Ω ∈ Λ 3 0 (R 6 * ), let
Then we get that the following facts are equivalent:
• Ω belongs to the G-orbit of Ω 0 ,
• F Ω is injective and κ 3 is negative defined on Im(F Ω ).
A 3-form Ω ∈ Λ 3 (R 6 * ) is said to be positive and normalized if F Ω is injective, κ 3 is negative defined on Im(F Ω ) and det P Ω = 1.
Let (M, κ) be a (compact) symplectic manifold of dimension six, equipped with a κ-calibrated almost complex structure J and a complex (3, 0)-form ǫ satisfying
where σ is a C ∞ function on M . Set Ω := ℜe ǫ .
We have the following (see [6] ) Lemma 2.3. The following facts are equivalent
Ω is positive and normalized at any point
Remark 2.4. By lemma 2.3 one can define a special generalized Calabi-Yau manifold as a (compact) six-dimensional symplectic manifold (M, κ) endowed with a κ-calibrated almost complex structure J and a (3,0)-form ǫ such that
Let (M, κ, J, ǫ) be a special generalized Calabi-Yau manifold. As in the holomorphic case the 3-form Ω = ℜe ǫ is a calibration on M (see [10] ). Therefore we can give the following Definition 2.6. A special Lagrangian submanifold of (M, κ, J, ǫ) is a compact submanifold p : L ֒→ M calibrated by ℜe ǫ.
As in the Calabi-Yau case we have the following Lemma 2.7. Let p : L ֒→ M be a submanifold. The following facts are equivalent
2. there exists an orientation on L making it calibrated by ℜe ǫ.
Examples of compact special generalized Calabi-Yau solvmanifolds
In this section we give some examples of special generalized Calabi-Yau manifolds and special Lagrangian submanifolds. We give also an example of a smooth family of a special generalized Calabi-Yau structures on the 6-dimensional torus which is integrable for t = 0, but not integrable for t = 0.
Example 3.1. Let G be the Lie group of matrices of the form
Then {α 1 , . . . , α 6 } is a basis of left-invariant 1-forms. By (1) we easily get
Let {ξ 1 , . . . ξ 6 } be the dual frame of {α 1 , . . . , α 6 }; we have
From (3) we obtain
and the other brackets are zero. Therefore G is a non-nilpotent solvable Lie group. By [8] G has a cocompact lattice Γ. Hence
is a compact solvmanifold of dimension six. Let us denote with π : R 6 → M the natural projection. Define
Then κ is a symplectic form on M and J is a κ-calibrated almost complex structure on M . Set
a direct computation shows that (κ, J, ǫ) is a special generalized Calabi-Yau structure on M . Let consider now the lattice Σ ⊂ R 4 given by
2 . Let T 4 be the torus where λ = log
is a trasformation of T 4 × R 2 for any p, q ∈ Z. Let Θ be the group of such trasformations. The manifold M can be identified with
(see [8] ). Let consider now the involutive distribution D generated by {ξ 2 , ξ 3 , ξ 4 } and let p : L ֒→ M be the leaf through π(0). By (3) and the identification (5) we get
hence L is a compact submanifold of M . By a direct computation one can check that
Hence L is a special Lagrangian submanifold of (M, κ, J, ǫ). Moreover, by [8] we have
Therefore, we get
Example 3.2. Let (x 1 , . . . , x 6 ) be coordinates on R 6 and let
be the standard symplectic form on R 6 . Let a = a(x 1 ), b = b(x 2 ), c = c(x 3 ) be three smooth functions such that
are Z 6 -periodic. Let us consider the κ 3 -calibrated complex structure on R 
dℜe ǫ = 0 .
Since λ 1 , λ 2 , λ 3 are Z 6 -periodic, (κ 3 , J, ǫ) defines a special generalized Calabi-Yau structure on the torus T 6 = R 6 /Z 6 . Now consider the three-torus L = π(X), where π : R 6 → T 6 is the natural projection and
It is immediate to check that L is a special Lagrangian submanifold of T 6 . Now we are ready to state the following Theorem 3.3. There exists a family (κ t , J t , ǫ t ) of special generalized Calabi-Yau structures on the 6-dimensional torus T 6 , such that (κ 0 , J 0 , ǫ 0 ) is the standard Calabi-Yau structure, but (κ t , J t , ǫ t ) is not integrable for t = 0. 
Then (T 6 , κ t , J t , ǫ t ) is a special generalized Calabi-Yau manifold for any t ∈ R, such that (T 6 , κ 0 , J 0 , ǫ 0 ) is the standard holomorphic Calabi-Yau torus and J t is non-integrable for t = 0 (here we assume that λ 1 , λ 2 , λ 3 are not constant). where x 1 , x 2 , u 1 , u 2 , y, t are real numbers. Let Γ be the subgroup G formed by the matrices having integral entries. Since Γ is a cocompact lattice of G, then M := G/Γ is a six-dimensional nilmanifold. Let consider
Then {ξ 1 , . . . , ξ 6 } is a G-invariant global frame on M . The respective coframe {α 1 , . . . , α 6 } satisfies
The special generalized Calabi-Yau structure on M is given by the symplectic form
by the κ-calibrated almost complex structure
and by the complex volume form
By a direct computation we get
and L = π(X) , π : G → M being the canonical projection. Then L is a special Lagrangian torus embedded in (M, κ, J, ǫ).
In order to obtain some cohomological obstructions to the existence of a special generalized Calabi-Yau structure (κ, J, ǫ) on a compact 6-manifold M , one can ask if the cohomology class [ℜe ǫ] is always non-trivial. Observe that in the Calabi-Yau case one has [ℜe ǫ] = 0. In our contest we have the following Then G is a connected solvable Lie group admitting a cocompact lattice Γ (see [9] ). Therefore N = G/Γ is a 3-dimensional parallelizable solvmanifold. It can be easily showed (see [9] again) that there exists a coframe {α 1 , α 2 , α 3 } on M satisfying the following structure equations
Let us now construct a special genralized Calabi-Yau structure on M satisfying [ℜe ǫ] = 0. Let (κ, J) be the almost Kähler structure on M given by the symplectic form
and by the κ-calibrated almost complex structure J defined as
where {ξ 1 , . . . , ξ 6 } is the frame on M dual to {α 1 , . . . , α 6 }. Then the complex 3-form
defines together with (κ, J) a special generalized Calabi-Yau structure on M . Moreover
and a direct computation gives
This ends the proof.
The four dimensional case
Let (M, κ) be a (compact) four-dimensional symplectic manifold and J be a κ-calibrated almost complex structure on M . Let ǫ be a nowhere vanishing (2, 0)-form on M satisfying ǫ ∧ ǫ = 2 κ 2 .
Then the conditions ∇ǫ = 0 dℜe ǫ = 0
J (M ) , we get dǫ = 0 which implies that J is holomorphic. In dimension four we adopt the following definition (see also [5] )
• κ is a symplectic form,
• J is a κ-calibrated almost complex structure on M ,
• ǫ is a non-vanishing (2, 0)-form satisfying
The following proposition gives a characterizations of a 4-dimensional special generalized Calabi-Yau structure in terms of differential forms. The proof of this proposition can be obtained using the same argument as in [4, proposition 1] . Proposition 4.2. Generalized Calabi-Yau structures on a 4-dimensional manifold are in one-to-one correspondence to the triple (κ, Ω + , Ω − ) of 2-forms on M satisfying the following properties
Note that, when a triple (κ, Ω + , Ω − ) is given, the complex volume form of the associated special generalized Calabi-Yau structure is simply obtained by taking
The following proposition gives an explicit formula for the almost complex structure induced by a triple of 2-forms (κ, Ω + , Ω − ) satisfying the properties stated above We easily get [ξ 1 , ξ 2 ] = ξ 3 and the other brackets are zero. The dual frame of {ξ 1 , . . . , ξ 4 } is given by α 1 = dx , α 2 = dy , α 3 = dz − xdy , α 4 = dt .
We have dα 1 = dα 2 = dα 4 = 0 , dα 3 = −α 1 ∧ α 2 . The generalized Calabi-Yau structure on M is given by the forms κ = α 1 ∧ α 3 + α 2 ∧ α 4 ǫ = i(α 1 + iα 3 ) ∧ (α 2 + iα 4 ) and by the almost complex structure J(ξ 1 ) = ξ 3 , J(ξ 2 ) = ξ 4 , J(ξ 3 ) = −ξ 1 , J(ξ 4 ) = −ξ 2 .
We immediately get ℑm ǫ = α 1 ∧ α 2 − α 3 ∧ α 4 , ℜe ǫ = α 2 ∧ α 3 − α 1 ∧ α 4 . Hence dℜe ǫ = 0 .
Let X ⊂ G be the set X = {A ∈ G | x = t = 0} and L = π(X), where π : G → M is the natural projection. Hence L is a compact manifold embedded in M . Moreover the tangent bundle to L is generated by {ξ 2 , ξ 3 }; so we get p * (κ) = 0 ,
Hence L is a special Lagrangian torus.
